
ON THE FOURIER TRANSFORMS OF AN 
INTERESTING CLASS OF MEASURES 

BY 

J. R. BLUM* AND BERNARD EPSTEIN** 

ABSTRACT 

Let {X k, k = 1,2 . . . .  } be a sequence of independent binomial variables, with 

P{Xk = 1} = 1 - P{Xk = 0} = Pk" Let I1 = ~ Xk/2 k and/~(t) be 
k = l  

the Fourier transform of the distribution of Y. Finally denote lira [Pk-- 1/2] 
by 6. We have k-* oo 

Theorem. (4/r 0 6 =< l im I/~(t)l =< 26. 
t--~ oO 

1. Introduction 

Let {Sk ,  k = 1,2, . . .}  be a sequence o f  independent r andom variables, Xk 
assuming the values 0 and 1 with probabilities qk and Pk ( =  1 -  qk) respectively. 

Let  # be the measure on the unit  interval associated with the r andom variable 

Y = ~ Xk 
k=l 2 k • 

The class o f  all measures tha t  can be obtained in this manner  will be denoted qS. 

Marsaglia [1] has shown that  ~b contains a large subclass o f  cont inuous measures 

which are singular with respect to Lebesgue measure (which is, o f  course, that  

member  o f  ~b corresponding to the values Pl = Pa . . . . .  ½). 

Let 6 = limk~oolPk- ½1 and let /~(t) be the Fourier-Stieltjes t ransform of  /~, 

defined for  all real t as fexp(2nitx)dl~(x). (Since/~( - t) = •(t), we may confine 

at tent ion to non-negative t.) In  this note  the fol lowing result is proven. 
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THEOREM. (4/~) 6 < li---mt-, ~o [/~(t) [ < 26. 

As an immediate corollary it follows that ~(t) vanishes at infinity if and only if 

= 0, which is equivalent to the condition Pk-" ½. Furthermore, from the well- 

known fact [2] thlt/~(t) vanishes at infinity if (and only if) the Fourier-Stieltjes 

coefficients/~(n) (n = 1, 2,.. .) approach zero as n increases, it follows that these 

coefficients approach zero if and only if Pk ~ ½. 

P~OOF. Since the random variables Xk are independent, it follows that 

fifo = f l  (qk + pkexp2nit/2k). 
k = l  

By a simple calculation one obtains 

= k=l ~COS - ~ - + 4 8 k s i n ~ ) ,  ~k=Pk - 

Now suppose that 6 > 0. Let 6' be any positive number less than 6. There exists 

an increasing sequence kl, kz, "" such that l ek, I > 6'. For each index i let 

t i = 2  ki-x. Then cosZnfi/2k= 1 and sinZnt~/2k= 0 for k < ki, and so the first 

k~ - 1 factors in (1) assume the value 1. For k = ki the factor assumes the value 

4e~,, which exceeds 46 'z, and the remaining factors are at least as large as 
cos 2~/2 k-ki+l . Thus 

2 /~ 1 (2 '-1)12 = 46'2 I-I c°s2k-k,+l 
k = k ~ + l  

= f t  cos  = 4 
i = 2 7~2 7~2 

(The evaluation of  the infinite product is obtained from the identity 1-It% 1 cos u/2 r 

= sin u/u,  which will be used again later.) Thus, 1-i-mt_.~]/~(t) [ > 46'/n, and since 

fi' may be chosen arbitrarily close to 6, it follows that limt.~[/2(t)l > 4 6 / n .  

Since this inequality is trivially true when 6 = 0, the first half of the theorem is 

proved. 

When 6 = ½ the second inequality is certainly true, for [/2(t)I, and hence 

lim,_,~lg(t) l, cannot exceed unity. Furthermore, when [e k [ =  ½ for all indices 
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k the identity [~(t) l - 1 holds, and so the factor 2 which multiplies 5 is best 

possible (although for values of 5 less than ½ it may be possible that a smaller 

factor depending on ,~ is correct). 

Now, for any value of 5 less than ½ let a be any number satisfying 4c52 < a < 1. 

Then an integer M may be chosen such that 4e 2 < a whenever k exceeds M, and 

since no factor appearing in (1) can exceed unity, it follows that 

(2) 

[/~(t) 12 t 
= os -x¢- + ctsm , s = 2-u t .  

k=l 

Since each term appearing in each factor of the second product is non-negative, 

the value of this product, which is henceforth denoted f ( s ,  ~), is unaffected by 

multiplying out the factors and assembling them according to powers of a. We 

obtain 

f i  7ZS (3) ~_lf(s,~) = ~-1 cos 2 ~ + fl(s)  + f2(s) ~ + " " ,  
k=l 

where the exact nature of the functions f l(s), f2(s), . . ,  is of no concern. Since 

I-I~°= 1cos 2 zcs/2k= sin21rs/r~Zs 2, which vanishes at infinity, it follows that 

(4) 
a-  1 l imf(s ,  a) = lim {f,(s) +f2(s)a + --.). 

S..-I. o o  $ -.-I. oO 

Since each of the functions f l , f2 ,  "'" is non-negative, the sum appearing on the 

right side, and hence its upper limit, is not decreased when ~ is replaced by unity; 

when this substitution is performed the sum clearly becomesf(s, 1) - sin21rs/z~Zs 2, 

and since f (s ,  1) reduces identically to unity, we obtain from (4) the inequality 

- -  I I ~-qims_~oof(s,c 0 < 1, or lims~o o f ( s ,~)  < o~. Hence limt_~o o /~(t) 2 < 462, which is 

equivalent to the desired result. 

While the factor 2 appearing in the statement of the theorem is, as explained 

above, best possible, it appears rather likely that the other factor, namely 4/re, is 

not, for it was obtained by estimating [/2(t) [ on a very " th in"  sequence of values 
of t, namely certain powers of 2. 

According to one of Marsaglia's results presented in [1], the measure # will be 
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singular (with respect to Lebesgue measure) if and only if the series ~k = 1 k 

diverges. It now follows immediately from the result established in the present 

note that the measure determined by the probabilities Pk = ½(1 + k -~)  is singular 

but possesses a Fourier transform vanishing at infinity. 

REFERENCES 

1. G. Marsaglia, Random variables with independent binary digits, submitted to Ann. Math.  

Statist. 
2. R. Salem, Algebraic Numbers and Fourier Analysis, p. 38. D. C. Heath and Co., Boston, 

1963. 

THE UNIVERSITY OF NEW MEXICO 


